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Instructions :
(1) There are five questions in this paper
(2) Each question carries 14 marks
(3) All questions are compulsory
(4) Figures to the right indicate full marks.

1 Fill in the blanks : (Kach question carries two marks)

a ¢ . . .
(a) If — and = are consecutive Farey fractions in the nth

a . ¢
row and — is less than — then ... and — are

b d d
consecutive Farey fractions in the (rn+ 1th row.

a . . .
by If 5 and % are consecutive Farey fractions in the nth

a a+c
<

b b+d

row then

(¢ There is a polynomial f, (x) with degree n, leading

coefficient 1 and integer coefficients such that

fn(ZCOS 9)= ...... for every n = 1 and real 0.
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(d) If 8 is an irrational number and % is a rational number

1
< ——= then L

such that & > 0 and ‘9 _ e
bl 2p?

for some n.

(e) If continued fraction expansion of an irrational 6 is

1
purely periodic then Py lies between and

a
@ If p is an irrational, > is a rational number such that

|Bb—a|<|ekn—hn|| for some 721 then b >

(g) The Diophantine equation ax + by = ¢ has a solution
if and only if divides c.

2 Attempt any two of the following :

(a) If O 1s an irrational number then prove that there 7

P . a
are infinitely many rational numbers 3 such that

0-— E < i
bl p2-
(b) Prove that = is irrational using elementary method. 7
(c) Suppose fx =q Xn+a7Xn71+ ....... + is a 7
i n—1 0

polynomial of degree n, with integer coefficients and

suppose % is a rational number with b>0, (a, b) =1 and
% is a root of f(x). Prove that b divides a,, and a divides

ag. Deduce that if ¢, =1 then 2 must be an integer and

also deduce that if an integer x has a rational nth root

then it must be an integer.
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3 All are compulsory :
(a) If 6 is a quadratic irrational such that (i) g = 1

(i) -1 < @' < 0 then prove that continued fraction

expansion of 0 is purely periodic.

(b) If g is irrational and 8=<a0, 2 P B ) then

prove that k, <0,k | +%k, 5 <k, for all n20.
(¢ Prove that x2 = ¥3 + 7 has no solution in integers.

OR

3 All are compulsory :

. ) a . .
(a) Suppose § is irrational and — is a rational number

such that ‘9 —%

<% then prove that ¢ is the nth
2b b
convergent for some n.
(b) Find general solutions (if any) of the following
Diophantine equations :
i 2x + by =11
(i) 100x + 101y = 2017

(¢ Find the value of following continued fractions :

M (L3.3.33..)

i (-LLLLLL..)

4 Attempt any two of the following :
(a) Prove that there are infinitely many positive integers
n such that n2 + (n + 1)2 is a perfect square.

(b) Prove that there are infinitely many positive integers

7

n such that 1 + 2 + 3 + ...+ n =m? for some integer m.

h

(0 If . denote the jth convergent of an irrational
7

number g then prove that for all n > 1 :
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(a)

(b)

©

(d)

©)
®

(g)

@ ‘ekn_hn‘ < ‘ekn—l_hn—l‘

h

h
50— < |-l
(ii) P

7

n—1

Do as directed : (Each question carries two marks)

(Give the definition of a purely periodic continued fraction.

Express as a simple continued fraction.

101

h h

Write down the wvalues of k—, k_ for the continued
(I |

fraction (1, 2.1 2. )
Write down all the Farey fractions between 0 and 1 in
the rows up to 7h row.

Find first four positive solutions of x2 — 2y2 = 1.

Find three primitive Pythagorean tripletes (x, y, 2) for
which z > 40.

Find three positive integers n for which 1 + 2 + 3 +

............ + n is a perfect square.

14
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